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SUMMARY 

Cellular division is examined  in te rms of the  l imi ta t ions  imposed b3: the second iaw 
of the rmodynamics ,  E n t r o p y  changes accompanying  cell division are di>~eussed a>d 
expressions for these are formula ted .  The en t ropy  changes are ~ummed and tl?e 
l imi ta t ion  of the  second ]aw (AS > o) is imposed.  Fr~}m the resul t ing 5~c<]uality the 
min immn amoun t  of waste  mater ia l  accompanying  cellular svnthe:;is is computed,  l> 
add i t ion  cer ta in  conclusions are drawn a.s to the  m a x i m u m  ra te  of ce]] division> 

INTROD UCTIOi'( 

While the second law of thermodynamics as originally stated in ter~r~ of t]l'c 
impossibil i ty of bui lding certain kinds of machines has seemed ~.~er~ >~mote !!l:om 
biology, nevertheless, this law places very definite restrictions on the op<ratJon o~- 
l iving systems. The chief reason for the close relationship betwee;~ t:i~e second law and 
l iving systems is the fact that \vixen a cell ingests material from the er~vironm.ent and 
proceeds to grow into two cells there  is a local decrease in entrop3 ~. I i  no viotatie.r~ of 
the  second law is going to occur, we mus t  be able to make  some sta.temen I~: res t r ic t ing 
the  process of celt growth.  Recent  a t t e m p t s  to apply  informat ion theory  to l iving 
systems.~ .4 as well as the  in t ima te  re la t ion betweel~ informat ion alad en t ropy  ~ suggest  
t ha t  the  quest ion of the relat ion between cell growth and the second ]aw of the rmo-  
dvnamics  be examined in some detai l ,  

In  order  to s t u d y  the problem,  we will deal  with the  followir~g idealized, bu t  
exper imen ta l ly  approachab le  s i tuat ion.  Consider a flask of volume V conta ining a 
di lute  solution of small nu t r i en t  molecules. The flask is in thermal  contact  with.in a~ 
infinite i sothermal  reservoir  a t  tempera tm-e  T. The flask contains  a single 1lying ceii 
of volume v. The process we wish to focus a t t en t ion  on is the  growth and divisio~ of 
the  cell into two s imilar  cells. Fo r  convenience assume the fur ther  ideal izat ion tha t  
the  cells are spherical  dur ing  most  of thei r  life cycle. The process m a y  be formal ly  

represen ted  as ~ cell I ,nutrients ~ 2 cel]s ~ waste products 

Since the  ini t ia l  cell acts  as a ca ta lys t  for the  overall  process, and is effective urJchanged 
at  the end of the  process, we m a y  s impl i fy  the  formalism and represent  it as 

nutrients -._~ cell -q- waste products 
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For cells which grow in simple defined media the above formalism can be stated with 
some precision. For example for Escherichia coli grown in C minimal medium supple- 
mented with glucose 6, we may write 

(3.22.Io9) C6H1206 + (I .94.  IO9) NH3 + (1.69.1o 5 ) H~PO4 + (4.8"1o7) H2SO4 + (I) 

(9.4 ° .  lO 9) 02 ---* (I) E .  col i  + (9-55" lO 9) CO2 + (1.48. lO 9) C H a C O O H  + 

(2.11. lO 9 E n d  P r o d u c t s  + (13.63. lO 9) H 2 0  

The requirement that  we wish to apply to the aforementioned process is that  the 
second law of thermodynamics holds, that  is for the entire sys tem including the 
reservoir the entropy change is greater than or equal to zero for the synthesis of a 
living cell. Stating the requirement formally, we may write 

AS >1 0 (2) 

To get a more detailed idea of the entropy change, consider that  in the process outlined 
the following occurs: (a) Nutrient is ingested by  the cell. (b) This nutrient is either 
incorporated into the cell or reacted and given offas waste products. (c) Heat  is given 
off by  the reactions and is transferred to the isothermal reservoir. 

To calculate the entropy changes we will consider cell production to consist of two 
linked processes. 

Process I. Nutrient is concentrated in the cell and converted to cell material. 
Process II .  Nutrient is converted to waste material. Since nutrient and waste 

material both end up dissolved in the medium surrounding the cell we need not 
calculate the entropy change in the concentration of this part  of the nutrient and 
subsequent dilution of the waste material. 

Since the two processes are linked, the linkage can be expressed by a parameter  f, 
where f represents the number of grams of waste product produced per gram of cell 
produced. If the cell mass is then m, f m  grams of material will be given off in the 
synthesis of a single cell. The entropy changes are as follows: 

I. The entropy decrease involved in condensing the nutrient molecules in the cell. 
This may  be approximated by ASc = - -  m R / M  log Cc/Cm, where M is the average 
molecular weight of the nutrients, Cc is the concentration of material in the cell (g/l) 
and Crn is the concentration of nutrient in the medium. This expression is derived by  
assuming that  the entropy can be approximated by the entropy of an ideal gas, that  
V >~ v, the volume of the container is much larger than the volume of the cell, and 
that  Cc >~ Cm, the material is much more concentrated in the cell than in the nutrient 
solution. 

2. The entropy decrease involved in ordering the nutrient molecules into a 
cellular structure. At the moment  we may represent this as AS o. This is a quanti ty 
related to calculated values of the information content of a cell. We may  use the 
relationship 

A S o  = k I  in 2 (3) 

where k is Boltzmanns constant and I is the information increase of the cell over the 
unordered component clusters of atoms. For convenience in later expression we shall 
define a normalized information density as i = I / m N  where N is Avagadro's number. 
The entropy change is then 

A S o  ~ - -  k m N i  in 2 (4) 

3. The entropy change (probably increase) in converting nutrients to waste 
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products .  If  this is A&Jr en t ropy  uni ts  per  gram then the total  change in the gro',,,J-~ 
of a cell will be .f~l, AS~ . ' .  

4 - T h e  en t ropy  change A~/7-  h > o l v e d  in the  t ransfer  of he,it ~:o c.r fix.m~ the  

reservoir .  This change is given by  

Jg !'m, dHc  " /mAH~:) 

T r 

where A H c  is the  en tha lpy  per  gram for cell synthesis  and AHze i:; l i e  ~:~N?alt;,y 
per  g ram of waste  produced.  Thus, summing  all th.e en t ropy  ehang<.i., ~,x-~ u . t  

~;zR Cc (mdHc F h'I~,A, Hz~') 
,dS . . . . . . . .  A¢ log ~c7 ~]~i ]n 2 - /mA,57r., . . . . . . . . . . . . . . . . . . . .  T > '; ":;"'"' 

Rear rang ing  te rms  we get  

7~T Cc 
. . . . .  log ;. .-. I?Ti In ~ ---/.ll:v.,  . /JHc h o (<,i 

-M ~..~, ' ' 

where A F w  is the free energy change per  g ram of waste  produced.  Since ti~e first two 
te rms  are negat ive  and J H c  may  be in principle ei ther  posi t ive  or negal ive  (we wili 
la te r  a t t e m p t  an app rox ima te  calculat ion of this quant i ty )  bu t  is probab] F smaU, the 
second taw demands  tha t  A F w  is negat ive  and tha t  f has a certain min imum vaiue  
given b y  

i [J~T Co. i 
. . . . .  i o ~ - - -  ~- f?7".i lu z ~ , d H c  ()'? 

i ~ .IFze., kJ~-- '" Gin. 

The quan t i t y  .f measures  the  minhm_m~ price tha t  mus t  be payed in con' .err ing 

unorganized  medium into a highly organized ce l l  Before a t t e m p t i n g  to .compute 
m in imum values  of f we mus t  have some idea, of the value of AHc,  i:he cntJ~aipy" of 
fo rmat ion  of a cell. W ,  reconsider  the  chemical  equat ion (I) wigch we have wr i t t en  
for the  format ion of an E.  co[i. W e  then mus t  spl i t  this into two eqnatiol?s, one 
descr ibing the cel iular  synthesis  and  the other  describh~g the metabol ic  forrnatfon 
of waste  products .  

The equat ion  de~;cribing cellular  synthesis  is 

(0-97" : ro~) (2e)t-Jj206 --- ( ~ 7 3 "  ~°9) N H a  @ (o. ~96" ~o f~) ]:{aI>O,~ -!  (~) 

(o .o48"  I o  9) t:i-2S()4 - - ~ JA coIz -{- 4 .o3 .  ~:o !~ H e O  

Inc luding  4.o3-~o '~ water  molecules along with  the synthesis  of ~he celi is >ornewhar. 
a r b i t r a ry ;  it  is done to balance  the chemical  equations.  (We shall la te r  correct  the  
en tha lpy  for this  factor.) The resul t  of this  is to make the est imal~ ~,f A H c  too higt~. 
The a tomic  composi t ion of the E.  co[i cell is 5 .83 , ro  ~ carbo~% 9-38" :o  ~' ]~ydrogen, 
2.69. IO 9 oxygen,  ~-73" ro~ ni trogen,  o.~69, zo '~ phosphorus  and o.o4S' ~o ~ sulfur. If wc 
know the types  and d is t r ibut ion  of bonds  on bo{h sides of the equaaio~ we can use 
the  avai lable  da t a  on I~eat of format ion of bonds  :,s to calculate  the A H c  of the proces:;. 
F rom the macromolecuIar  composi t ion  of the  E. c~ffi cell, i ts  bond dist.rJbution h a  
been computed% ~0. The da t a  are presented  in Table I. The value o f / JHc  a'.~ computed  
from these d a t a  :is - - 6 S 2  cal/g. If we consider the format ion of water  as a ] inked 
react ion and use an app rox ima te  me thod  to eva lua te  tlne A H  of this  reaction,  the  AHc  

is reduced to a value of z24 cal/~,-. 

* B o n d  d i s t r i b u t i o n s  a re  c a l c u l a t e d  flTOJYi Nae k n o w n  informa, tJon on "he  c o m p o s k i o n  and  t h e  
s tructura,1 formu]a.e of t]?e c o n s t i t u e n t s .  S o m e  releva,  n !  i n f o r m a t i o n  is j?re'~e:~_tcd iP, r e f  ~ :0 

1,~os[~/~z, ldieJ79]~ys. .Lc (;, ~o (r96o) 340--345 



T H E R M O D Y N A M I C S  OF C E L L U L A R  SYSTEMS 343 

T A B L E  I 

D I S T R I B U T I O N  OF C O V A L E N T  B O N D S  IN N U T R I E N T  M E D I U M  A N D  IN EscheYichi~ coli 

Nutrients Cell and celIwater 

C - - H  54.2" IOS C - - H  71.o 3" lO s 
C - - C  48.5 • IO s C - - C  37-94" lOS 
C - - N  o.o C - - N  28 .75 '  l o  s 
N - - t {  51-9" lOS N - - I - [  17.o1" Io  s 
C = O  o.o C = O  13.37" los  
C-- -O 67. 9 • IO s C - - O  12.25" IO s 
P - - O  5.07.  lO s P - - O  5.14" lO s 
O - - H  53.5 ' lOS O - - H  5-79 '1oS 
C = C  o.o C = C  3.00" Io  s 
C = N  o.o C = N  3.00" lO 8 
P = O  1.69" lO s P = O  1 .71 '  lO s 
C - - S  o.o C - - S  0 . 7 5 '  lO s 
S - - - H  0.0 S - - H  o . I  7" IoS 
S - - S  o.o S - - S  0.04- IO s 
S ~ O  0 .96 '  IO s S = O  o.o 
S- - -O o.96" lO s S - - O  o.o 

\ V a t e r  

O - - H  8 o . 6 " I O  s 

We may  now a t tempt  to evaluate f minimum, by  substi tuting observed and 
calculated values for the parameters in equation (7). 

(a) Cc is the order of 25o g/1 while Cm is the order of 5 g/1. (Cm is under the 
experimenters control and m a y  be varied over a wide range. We shall later make use 
of this fact.) M m a y  be taken as the order of IOO and we shall perform the calculation 
for T ~ 3oo °. The term RT/M log Cc/Cm is then 23.4 cal/g. (b) The term RTi In 2 
is 159 cal/g based on the calculated information content  of a lO -13 g cell as 4" lOl° bits4. 
(c) AHc has been calculated as - -  124 cal/g. The quant i ty  is very  dependent on the 
nutr ient  medium the cells are grown in. In  a very  enriched medium AHc probably 
approaches zero. (d) The principle linked reaction in the case just discussed is the 
conversion of glucose to carbon dioxide and water. For  a first approximation we m a y  
assume that  AFw is the free energy of glucose oxidation. This free energy is - -  69I,ooo 
eal/mole or 186o cal/g. 

Substi tut ing in equation (7), we get 

[58 .4]  
/ > - -  = 0.03 (9) 

1 8 6 o  

Note tha t  the quant i ty  in the parenthesis is positive, indicating f is positive, tha t  is 
tha t  linked reactions must  exist. While the calculated f value seems small, it is a 
minimum. The assumed value of AFw is high because the other linked reactions have a 
lower AF than the glucose oxidation. Experimental ly for the example chosen f has 
a value 4.95, tha t  is to say for each gram of cellular material  synthesized 4.95 g of 
waste product  (principally CO 2 and water) are given off. Thermodynamical ly  f rain 
is the order of I / IOoth this value indicating of course tha t  the process of coli duplica- 
tion in minimal medium produces far more entropy than is required to satisfy the 
second law. F rom some published value on the heat given off by  dividing bacterial 
cells n we previously calculated 4 tha t  coli cells produced about  3-3 times the ent ropy 
required by  a balance of the second law. Since the thermal  measurements  were made 
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on cells growing in a complex medium, it is difficult to  compare the t w o  figure:-" except: 
to  note tha t  the cells seem to be vas t ly  more e_~cient (as entropy ~:,i~ks} whe~ growing 
in a complex medium~ 

Equat ion (7) ,suggests an experimenta} check under certain extreme co~ditiop,~. 
We m a y  rewrite (7) as an equali ty:  

. - - i  R T l o g  + R T i h ~ 2  }- A H c  + /~ (io) 

where f '  is a measure of the extra ent ropy produced or the inefficiency of !.be ceil in 
ordering its constituel~t~s with the least possible change in the surronndix~g~:. 

Now it seems clear tha t  f '  wi!} not depend strongly on Cm, the concentration cf 
nutrients, because any  ef!fects due to medium concentration should be covered in the 
term R T / M  log Cc/Cm.  W e  have ah:eady pointed out tha t  Cm is ~d~der the co~troi 
of the experimenter. We m a y  then measure f as a function of C ~  and !)Jk'i+'n~g.i~ . . . . .  ,e~_~,,,~ -" 

log Cc/C~n the slope wiT1 be R T / M A F ~  which gives an oppor tuni ty  to lneasure the 
effective value of AF~,,, I~ cases w h e r e f '  is the dominat ing term it wiJi be difficult to 
determine the effect due to concentrat ion but  for cases of very  enriched r_~?ediurP, wherc- 
f seems to be closer to f rain the effect should be observable. 

The necessary prod~lction of heat involved in the ent ropy baiance i~nposes 
further  restrictions on cel! duplicatiox~. Specifically, since exothermic procef,~:,es are a 
necessary par t  of celI duplication, the rate of duplication must  be siow enough to 
dissipate the heat or else thermal inactivation of celJ components will result. Ti:,is may  
be seen by  rewriting equation (5) as 

RT Cc 
At2 ~ ~.1.-- lOgd~g ÷ A>Ti h~ 2 -.,TAS,~ ( l t'i 

where A() equals ( A H c  fAHi;J) .  Now mJ(]  is the amount  oi heat  produced in tee 
dividing cell system in a single division time, I. If  the average volume of the system 
during the division process is 3/2 v, tee  average rate of heat production per unit  volume 
in the cell system, designated ~, is 2/3 m , A ~ / v r .  If  tlie average radius of the cell during 
the process is a, then assumh~g that  the temperature  s teady state is reached rapJdly 7~-~ 
comparison to the change in size, we can use the theory  of thermal conduct ivi ty  to 
compute  the temperature  at the center of the sphere, Ti, 

qa ~ 
Ti -= T o+ - -  (;'g) &( 

where K is the them;a} conduct iv i ty  and T i8 the temperature  of the enviroJm~e~t. 
Subst i tut ing for q we get_ 

A T  =< T i -  T - (£1Hc q.- / / JHw)  (~3) 
3 r v K  

In  general if the cell is going to avoid disruptive effects due to heat AT < ,fl where fi 
is some temperature  rise which empirically interferes with cell replication. Applying 
this to equation (I3) and rearranging terms 

2p 
- -  "> - -  T:-,,. (/JHc + /AHv~) (I4<,t 
a2 " 3 t s - ¢  ' ' 

where {) is the densi ty of the cell ~ ] v .  Substi tut ing reason able values of th c, par am eters*, 

w e  g e t  z > ( ~ 2 , 4 o o  -q x8~ ,2oo  i ) a  a 

* K =  o,ooi4 cal deg/cm 8ec; 9 = 1-°5 g/cm:~; fi ~ 5 °; ,dlgc = -r24 cal/g; J)Sf~,' . . . . .  78x2 cal/g 
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Table II  presents r as a function of a for some extreme values off .  In principle 
Table II  should hold for a tissue mass as well as a cell, provided that conduction is 
the only method available for getting rid of heat. I t  is then clear that as a cell or tissue 
gets larger than a millimeter or so in size it must develop methods of getting rid of 
heat or it must divide at a rather slow rate. This limitation stems only from the second 
law of thermodynamics and the auxiliary fact that living systems are subject to 
thermal inactivation. 

T A B L E  I I  

MINIMUM DIVISION TIME OF CELLS AS A FUNCTION OF SIZE AND METABOLIC EFFICIENCY 

a F o r f =  o.z F o r t =  zo 

i # 0.0003 sec 0.02 sec 
IO /z O.O 3 s e c  2 s e c  

i o o  ~ 3 s e e  2 0 0  s e c  

I m m  5 rain 300 mi l l  
I cm 5000 m in  500 h 

IO cm 833 h 2000 days  

The main conclusion to be drawn at this point is that thermodynamic analysis 
can be useful in a detailed analysis on some living processes. At present experimental 
data is not oriented toward this type of treatment. The analysis itself is of course 
capable of much greater sophistication. Open fields for such investigation are irre- 
versible thermodynamics 12 and the application of statistical mechanics to biological 
system 10 
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